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Abstract. — We describe the topological behavior of typical orbits of complex 
quadratic polynomials Pa{z) = e^'^°'2 + 2^, with a of high return type. Here we 
prove that for such Brjuno values of a the closure of the critical orbit, which is the 
measure theoretic attractor of the map, has zero area. Then combining with Part I 
of this work, we show that the limit set of the orbit of a typical point in the Julia set 
is equal to the closure of the critical orbit. 



Introduction 

The local, semi-local, and global dynamics of the maps 

Pa{z) := e2""'z + z2 : C ^ C, 

for irrational values of a, have been extensively studied through various methods over 
the last decades. The aim of this work is to describe the topological behavior of the 
orbit of typical points under these maps. This is a step toward understanding the 
measurable dynamics of these maps. 

The post- critical set of Pa is defined as the closure of the orbit of the critical value; 



VC{Pa) U°liP°^(-e2-"V2). 

It is well-known |Lyu83| that PC (Pa) is the measure theoretic attractor of the dy- 
namics of Pa on its Julia set J (Pa). That is, the orbit of Lebesgue almost every point 
in J{Pa) eventually stays in any given neighborhood of VC{Pa)- To understand the 
long term behavior of typical orbits in J {Pa ) , one needs to understand the structure 
of the set VC{Pa) and the iterates of Pa near it. 

Two different scenarios occur depending on the local dynamics of Pa at zero. 
Let a :— [0; ai, 02, 03, . . . ] denote the continued fraction expansion of a with the 
convergents Pn/qn '■= [0; oi, 02, . . . , a„]. By classical theorems of Siegel and Br- 
juno jSie42l |Brj71| , if the series ^^g 5n+i / 9n is finite, the map Pa is linearizable 
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at zero, i.e. it is locally conformally conjugate to a rotation. When linearizable, the 
maximal domain of linearization is called the Siegel disk of Pa ■ The values of a for 
which the above sum is convergent are called Brjuno numbers. On the other hand, 
Yoccoz jYoc95| proved that the convergence of this series is necessary for the lin- 
earizability of Pa- In jManQS) . Maiie proves that for irrational a the orbit of the 
critical point of Pa is recurrent, and accumulates at the boundary of the Siegel disk 
(at zero) when Pa is linearizable (non-linearizable, respectively). 

Petersen and Zakeri in jPZ04] have described the topology and geometry of the 
dynamics of the linearizable maps Pa for a.e. a S [0, 1]. For these values, they show 
that J {Pa) has zero area. However, a rather surprising result of Buff and Cheritat 
|BC08| states that there are parameters a, both of Brjuno and non-Brjuno type, for 
which J {Pa) has positive area. It is conjectured |Che09l that for generic values of 
a, J {Pa) has positive area. So far there is not a single example of a quadratic (or a 
rational) map with a non-linearizable fixed point whose local dynamics is understood. 

A major breakthrough in the field by Inou and Shishikura JIS06| has allowed 
further progress in the study of these maps. It is an essential part of BC08j and is 
used in [ShilOj to show that the boundary of these Siegel disks arc Jordan curves. 
Roughly speaking, Inou-Shishikura show that successive renormalizations of Pa (a 
sophisticated version of successive return maps depicted in Figure [Ij are defined on 
"large enough" domains, and belong to a compact class of maps. This scheme requires 
the digits in the expansion of a to be larger than some constant jV.[^. i.e. 

a e Irrat>N ■= {[0;ai,a2, . . .] G (0, 1) | inf Oj > N}. 

In |ChelO| we started a systematic study of the measurable dynamics of these maps 
by quantifying the renormalization scheme of Inou-Shishikura as well as estimating the 
changes of coordinates between consecutive renormalization levels. This was mainly 
applied to the study of non-linearizable maps. In particular, we showed that for non- 
Brjuno values of a, VC{Pa) is non-uniformly porous (and hence has zero area). 
Here, we improve the estimate on the changes of coordinates obtained in Part I to an 
infinitesimal one in order to prove the following counterpart. 

Theorem A. — For every Brjuno a £ Irraty^, 'PC{Pa) has zero area. 

Note that by Mane's Theorem, the boundary of the Siegel disk is contained in the 
post critical set, and hence, must have zero area by the above result. It is not known 
whether there is a Siegel disk of a quadratic polynomial whose boundary has Hausdorff 
dimension two. The next statement is an immediate corollary of Theorem 1X1 

Corollary B. — For every Brjuno a G Irraty^, almost every point in J {Pa) is 
non- recurrent. In particular, there is no finite absolutely continuous invariant measure 

on J{Pa). 



(^'However, they conjecture that N = 1. 

(2) A set _E C C is said to be non-uniformly porous, if there exists a A € (0, 1) satisfying the following 
property. For every z a E there exists a sequence of real numbers — )■ such that the ball of radius 
r„ about z contains a ball of radius Ar„ disjoint from E, for every n. 
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Figure 1. Identifying the sides of a sector landing at zero under one 
obtains a half infinite cylinder which projects onto a neighborhood of zero 
under e^'^'^. The return map to this sector under Pa induces a map on 
that neighborhood, TZPa, called the renormalization of Pa. 



Theorem 1X1 and its counterpart for non-Brjuno values of a in Part I enable us to 
prove the following statement here. 

Theorem C. — For all a G Irrat^^, the limit set of the orbit of almost every point 
in J{Pa) is equal to VC{Pa)- 

Let Aq denote the closure of the Siegel disk of P^. By [Her85| there are Brjuno 
values of a for which Aq, does not contain the critical point. By recurrence of the 
critical point, VC{Pa) \ Aq, is non-empty for these values of a. Conjecturally, this 
set is homeomorphic to the Cantor bouquet minus its root. Our analysis of the post 
critical set allows us to prove the following geometric property of these decorations. 

Theorem D. — For all a G Irrat>N, VC{Pa) is non-uniformly porous at every 
point in the set VCiPa) \ A^. 

A new analytical ingredient presented in Section [S] is an infinitesimal estimate on 
the changes of coordinates (Perturbed Fatou coordinates) between different renormal- 
ization levels. That is, given a compact class of maps / with /(O) = and |/'(0)| — 1, 
we give a uniform estimate on the derivative of the perturbed Fatou coordinate with 
error depending only on the rotation of / at 0. This is proved by proposing an explicit 
change of coordinate that satisfies the optimal estimate and is "nearly conformal 
and harmonic" . It is an application of Green's Integral Formula (Hilbert transform) 
to compare the actual perturbed Fatou coordinate to this change of coordinate. This 
estimate allows us to prove the results under the sharp Brjuno condition on a. 

The dynamic of Pa with supj < cxo has been beautifully described in [McM98' . 
See [BBCOlOl IBC041 IBC07) and the references therein for some recent advance- 
ments in other aspects of the dynamics of these maps. 



f^'lt follows from the proof of this theorem that under various arithmetical conditions on a, one can 
replace PC(Pa) \ by PC{Pa)- However, we do not know whether one can do this for all Brjuno 
a £ Irratyj^. 
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Frequently used notations. — 

- :— is used when a notation appears for the first time. 

- Z, Q, K, C denote the integer, rational, real, and complex numbers, respectively. 

- The bold face i denotes the imaginary unit complex number. 

- Rez, Imz, and \z\ denote the real part, the imaginary part, and the absolute 
value of a complex number z, respectively. 

- B{y,6) C C denotes the ball of radius S around y in the Euclidean metric. 

- int {S) denotes the interior of a set S C C 

- /°" denotes the n times composition of a map / with itself, = id. 

- Dom /, J(/), and PC{f) denote the domain of definition, the Julia set, and the 
post-critical set of a map /, respectively. 

- Univalent map refers to a one to one holomorphic map. 

- Given 17: Dom 17 — > C, with only one critical point in its domain of definition, 
cpg and cvg denote the critical point and the critical value of g, respectively. 

- For X e R, [xj denotes the largest integer less than or equal to x. 



1. Preliminaries on renormalization 

1.1. Inou-Shishikura class. — Consider the cubic polynomial P{z) := z{\ + z)"^ . 
This polynomial has a parabolic fixed point at 0, that is, a fixed point of multiplier 
g27rQi .^^j^j^ a G Q. It has a critical point at cpp := —1/3 with P(cpp) :— cvp — —4/27, 
and another critical point at —1 which is mapped to under P. 
Consider the ellipse 

and let 

4z 

(1) U :=.g(C\£:), where g{z) := 



(1 + ^)2- 

The domain U contains and cpp, but not —1. Following [IS06| . we define the 

classes of maps 



and, 



(p: U ^ Uf is univalent, (p{0) = 0, Lp'{Q) = 1, 
and ip has a quasi-conformal^ extension to C. 



ISa :== {/(e^'^^'z) | / € 25, and a e A}, where ACR. 

Abusing the notation, 25^3 denotes the set 2S^p^, for /3 e M. 

Every map in IS has a parabolic fixed point at and a unique critical point at 
cp^ := ^(-1/3) e [//. 

Consider a map /i:Dom h C, where Dom h denotes the domain of definition 
(always assumed to be open) of h. Given a compact set K C Dom h and an e > 0, a 



'*)See IAhl06l for the definition of quasi-conformal mappings. 
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neighborhood of h in the compact-open topology is defined as 

N{h\ K, e) :— {g : Dom g ^ C \ K C Dom g, and sup \g(z) — h{z)\ < e}. 

zeK 

In this topology, a sequence /i„ : Dom — > C, n = 1, 2, . . . , converges to a map h if 
for any neighborhood of h defined as above, /i„ is contained in that neighborhood for 
sufficiently large n. Note that the maps /i„ need not be defined on the same domains. 

The class ISa naturally embeds into the space of univalent maps on the unit disk 
with a neutral fixed point at 0. Therefore, it is a precompact class in the compact- 
open topology. In particular, it follows from the Koebe distortion Theorem that 
{^."(0) I h G XSw} is relatively compact in C \ {0}. 

Any map h — e^'^"'/ G ISa has a fixed point at with multiplier e^'^"'. Moreover, 
if a is small, h has another fixed point ah near in Uh- The ah fixed point 
depends continuously on h and has asymptotic expansion ah = — 47rai//"(0) -I- o{a), 
when h converges to / S IS in a fixed neighborhood of 0. Clearly ah ^ as a ^ 0. 

The following theorem introduces a useful coordinate to study the local dynamics 
of maps in XSa ■ See Figure [5] for a geometric description of the following Theorem. 

Theorem 1.1 (Inou— Shishikura [IS06| V — There exist positive integers k,k, 
and a real number a* > such that for every h: Uh ^ 'C in XSa (or h = Pa :C— >Cj 
with a G (0,0;*], there exist a domain Vh C Uh and a univalent map ^h- Vh ^ 'C 
satisfying the following properties: 

i. The domain Vh is bounded by piecewise smooth curves and is compactly con- 
tained in Uh- Moreover, it contains cp^, 0, and ah on its boundary. 

ii. There exists a continuous branch of argument defined on Vh such that 

max I aig{w) — a,ig{w')\ < 27rfc. 

iii. ^h{Vh) = {u; e C I < Re(w) < [1/aJ - fc}, Im(f>/i(z) +oo when z eVh ^ 
0, and Im(E>/i(z) — )■ — oo when z G Vh fft- 

iv. satisfies the Abel functional equation on Vh, that is, 

^h{h{z)) — ^h{z) + 1, whenever z and h(z) belong to Vh- 

Furthermore, ^h is unique once normalized by $;i(cp^) — 0. 
V. The normalized map ^h depends continuously on h. 

The map ^h ■ Vh ^ C obtained in the above theorem is called the perturbed Fatou 
coordinate, or the Fatou coordinate for short, of h. 

The class XS is denoted by Ti in |IS06| . All parts in the above theorem, except 
the existence of uniform fc and fc in ii. and iii., follow readily from Theorem 2.1, Main 
Theorems 1, 3, and Corollary 4.2 in |IS06j . Parts ii. and iii. also follow from those 
results but require some extra work. A detailed treatment of these statements are 
given m |BC08[ Proposition 12]. 



6 



DAVOUD CHERAGHI 




Figure 2. A perturbed Fatou coordinate 3>/j and its domain of definition 

Vh- The first few iterates of cp^ under h appears in the Figure as the 
boundary of the amoeba containing 0. 



1.2. Renormalization. — Let /i: f//j — > C either be in ISa or be the quadratic 
polynomial Pq,, with a in (0,a*]. Let 'P/j — >■ C denote the normalized Fatou 
coordinate of h. Define 

Ch := {z€Vh- 1/2 < Re($^(z)) < 3/2, -2 < lm^h{z) < 2}, and 
(2) « 

Cl:={zerh: 1/2 < Re($,,(z)) < 3/2 , 2 < Im$h(^)}. 

By definition, cvh G int (Ch) and G d{Cj^). 

Assume for a moment that there exists a positive integer kh, depending on h, with 
the following properties: 

— For every integer k, with < k < k^, there exists a unique connected compo- 
nent of /i~'^(C^) which is compactly contained in Dom h and contains on its 
boundary. We denote this component by (Cj^)"*^. 

— For every integer fc, with < k < k^, there exists a unique connected component 
of h~''{Ch) which has non-empty intersection with (Cj^)^*^, and is compactly 
contained in Dom h. This component is denoted by C^*^. 

- The sets C^'"* and (C^)"'"' are contained in 

{zeVh\l< ^^^h{z) <--k-h. 
I a I 

- The maps h : C^^ ^ Cj;''^\ for 2 < fc < kh, and h : (C*)"*^ ^ {Ci)~''+\ for 
1 < k < kh, are univalent. The map h : C^^ Ch is a degree two branched 
covering. 

Let kh be the smallest positive integer satisfying the above four properties, and define 

5,:=c-'=-u(c«)-'=^ 
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Figure 3. The figure shows the sets Ch, Cl,..., C^*'', and (C^)"''''. The 
"induced map" projects via e^'^'^ to a map 71(h) defined near 0. 



Consider the map 
(3) <fh o h°'"^ o $-1 : $,,(5,0 ^ C. 

By the Abel functional equation, this map projects via z = ^e^'^'™ to a well-defined 
map TZ'{h), defined on a set containing in its interior. One can see that TZ{h) has 
asymptotic expansion e'^'^~^z + 0{z^) near 0, See Figure |31 

The conjugate map s o TZ'(h) o s^^, where s{z) := z denotes the complex conjuga- 
tion map, is of the form z i— )> e^^^^z + 0{z'^) near 0. The map TZ{h) :— soTZ'[h)os~^, 
restricted to the interior of s(^e^^'^*'''-'^''''-'), is called the near-parabolic renormal- 
ization of h by Inou and Shishikura. We simply refer to it as the renormalization 
of h. It is clear that one time iterating TZ{h) corresponds to several times iterat- 
ing h, through the change of coordinates, see Lemma I^TTl For some applications of a 
closely related renormalization (Douady-Ghys renormalization) one may see |Dou87) , 
[Dou94 , [Yoc95 , [Shi98 and the references therein. 

The following theorem jIS061 Main theorem 3] states that this definition of renor- 
malization TZ can be carried out for perturbations of maps in TS. In particular, this 
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(5) 



implies the existence of satisfying the four properties hsted in the definition of the 
renormahzation. See |BC08[ Proposition 13] for a detailed argument on this, 
Define 

(4) V := P-\B{0, ^e'-)) \ ((-oo, -1] U B) 

where B is the component of P^^{B{0, -^e^"^^)) containing —1 (see Figure S]). 




Figure 4. A schematic presentation of the polynomial P; its domain, and 
its range. Similar colors and line styles are mapped on one another. 

By an explicit calculation (see |IS06[ Proposition 5.2]) one can see that the closure 
of U is contained in the interior of V. 

Theorem 1.2 (Inou-Shishikura). — There exist a constant a* > such that if 
h G ISa U {Pa} with a S (0,a*], then TZ{h) is well-defined and belongs to the class 
TSi/a- Moreover, with the representation TZ{h) :— e~* • P o ip^'^ , the map 'ip ■ U C 
extends to a univalent map on V . 

It follows from a compactness argument that the numbers kh are uniformly 
bounded, see |ChelO| for details. 

Lemma 1.3. — There exists a k" E such that for every h £ ISa U {^'q} with 
a e (0,a*], kh < k". 

Let [0; ai, 02, . . . ] denote the continued fraction expansion of a as 

1 

a — 

1 



02 H 

as + . . . 



(5) The sets ^ and (c' ) defined here are (strictly) contained in the sets denoted by V * and 
in |BC08I . The set $h{C^'° U (C^)"*) is contained in the union 

D»_^ U U D'i, U D'_,+i U U D^,^, 

in the notation used in |IS06I Section 5. A]. 
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Define ao := a, and inductively for i > 1 define tfie sequence of real numbers ai G 
(0, 1) as 

ai := ( mod 1). 

Then each ai has expansion [0; Oj+i, • • • ] • 

If we fix a constant N > 1/a*, then a € Irrat^N implies that aj S (0,a*), for 
j = 0, 1, 2, . . . . We use this constant N in the rest of this paper. 

Let a G Irrat>N and define /q :— Pa. Then, using Theorem ll.21 inductively define 
the sequence of maps 

/n+i := 7^(/„) : C//„+i ^ C. 
Let Un '■= Uf^ denote the domain of definition of /„, for n > 0. Hence, for every n, 

/„ : Un ^ C, /„(0) = 0, and /;,(0) = e^^""'. 

2. The renormalization tower 
2.1. Changes of coordinates and sectors around the fixed point. — 
Remark. — To simplify the technical details of exposition, we assume that 
(5) iV>fc + fc + l. 

The reason for this is to make '&/„('P/„) wide enough to contain a set that will be 
defined in a moment. However, one can avoid this condition by extending and 
to larger domains, using the dynamics of /„. 

For n > 0, let '.= ^ f„ denote the Fatou coordinate of /„ : J7„ — > C defined on 
the set Vn ■— 'Pfn- For our convenience we define the covering map 

Exp(C) C' — > ^s(e^''''^) : C C*, where s{z) = z. 

By part ii of Theorem ll.il Inequality ([S]), and that Vn is simply connected, there is 
an inverse branch of Exp that maps Vn into the range of ^n-i; 

T]n : Pn ^ $„-l(P„-l). 

There may be several choices for this map but we choose one of them (for each n) 
with 

Re(77„(7'„)) C [0,fc + l], 
and fix this choice for the rest of this note. Now, define 

V'n := ^n~l °Vn-'Pn Vn-1- 

Each tpn extends continuously to G dVn by mapping it to 0. For n > 2 we can form 
the compositions 

For every n > 0, let C„ and denote the corresponding sets for /„ defined in ^ 
(i.e., replace h by /„). Denote by A;„ the smallest positive integer with 

5° := C^-" U (C«)-'=" C {2 e K I < Re^n{z) < [— J - fc - !}• 
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For every n > and i > 2, define the sectors 

51 :=^„+i(5^+i) CP„,and 

Si, :=^„+io...oV'„+i(5°+,) CP^. 

By definition, the critical value of /„ is contained in Also, all these sectors 

contain on their boundaries. We will mainly work with Sq, for i > 0. 

Lemma 2.1. — Let z € Vn be a point with w:= Expo$„(2;) g Un+i- There exists 

an integer 1^ with 1 < < [l/a^J — fe + fcn — 1, such that 

- the finite orbit z, fn{z), f°^{z), /°^- (z) is defined, and /°^' (z) e 

- Expo$„(/°^^(2)) = /„+!(«;). 

Proof. — As w e Dom by the definition of renormalization TZ{fn) — fn+i, 

there are ( e and C' G $„(C„ U Cl), such that 

Exp(C) = w, Exp(C') = fn+iH, and C' = *n ° ° K\0- 

Since Exp($„(2)) = there exists an integer £ with 

-kn + l<i< [l/an\ - fe - 1, 

such that ^n{z) + £ = (. 

By the Abel functional equation for $„, we have 

C' = *„o/°'="o$-l(C) 

= *„ o /"'^"o (2) +£) 

Letting := fc„ + f , we have 

1 < 4 < fc„ + Ll/a„J - fe - 1, = KHC) G ^n, and 

Expo$„(/°^^(z)) =Expo$„($-i(C')) 
= Exp(C') 

= fn+l{w). 

□ 

It is clear that in the above lemma there are many choices for i^. In the following 

lemmas, proved in Part I, by making some specific choices for i^, and inductively 
using the above lemma the number of iterates on level n are related to the number of 
iterates on 
Define 

:= G P„ I < Re < [l/a^l - fe - 1}. 

Lemma 2.2. — For every n > 1 we have 

i. for every w eV^, /o''" o '^n{w) = o /„(«;), 
n. for every w G 5°, +<"'-i) o M/„{w) = o f°''"{w), and 
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2.2. The approximating neighborhoods. — For every n > 0, consider the union 

/£„ + Ll/Q„J-fe-l 

(6) n^:^ U C Dom /„. 

4=0 

Using Lemma 12.21 we transfer the iterates in the above union to the dynamic plane 
of /o to define 

q„(k„+ll/a„i-k-l)+q„-l 

^0--= U /oX5o")U{0}- 

The upper bound in the above union is obtained as fohows. The first k„ iterates 
in ^ correspond to hnQn + Qn-i number of iterates on level by Lemma l2. 21 - ii. and 
the remaining [l/a„J — fc — 1 iterates in amounts to (7„([l/a„J — fc — 1) number 
of iterates by Lemma [2?2l -i. The number of iterates to define these unions are chosen 
so that they satisfy the following property, see Part I for proof. 

Proposition 2.3. — For every n > 0, we have 

i. f^Q^^ is compactly contained in the interior of Qq ; 

ii. VC^fo) is contained in the interior of Qq . 

As VCifo) is the measure theoretic attractor of the map, by Proposition 12 . 31 -ii. for 
every ti > and almost every z G J {Pa) there is a positive integer k such that the 
orbit of f°^{z) is contained in il". Indeed, we prove in Part I that while the orbit of 
a point stays in some f2", it visits all the sectors involved in that union. 

Using compactness of the class TS and Theorem U.lf v. we also showed in Part I 
that each Q^ is compactly contained in Dom /„. This statement is uniform in the 
following sense. 

Lemma 2.4- — There exists a positive constant S such that for every n > 1 and 
every ^ G C with Exp(^) G ilj^ we have 

- \/j e Z, Exp{B{j,6)) C int (C„) C ^1 

- Exp(S(e,(J)) CDom/„, 



3. Area of the post-critical set 

In this section we prove the following proposition which combined with Proposi- 
tion [231 implies Theorem El Let N be the constant introduced at the end of Section 1. 

Proposition 3.1. — For all Brjuno a in Irrat>N , (n^o^o)^'^(-fct) ^'^^ area. 

The proof of the above proposition is based on two estimates on the perturbed 
Fatou coordinates. The first one is summarized in the following lemma and is suited 
for points in the intersection that are well exposed to the complement of infinitely 
many fig. 

Given a set X CC and S > 0, define Bs{X) [JxexB{x,5). 
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Lemma 3.2. — Given any constant E, there are positive constants 6i, 62, and r* 
such that for every n > 1 and every ^ € C with Im C < 57 log + E and Exp(C) G 

^n+i^ there exists a line segment 7„ : [0,1] —5- C with 7n(0) = C; satisfying the 
following properties: 

i. Exp (^Bs, (B(7„(l),r*) U 7„[0, 1])) C Dom /„+i \ {0}, 

ii. Exp(S(7„(l),r*)) nl]0+i = 0, /„+i(Exp(B(7„(l),r*))) nl]0+i = 0, 

iii. diameter Re (s^, (B(7„(1), r*) U 7„[0, 1])) < 1 - 5i, 

iv. mod Bs, (B(7„(l),r*) U 7„[0, 1]) \ (B(7„(1), r*) U 7„[0, 1]) > <52. [« 

Proof. — This has been proved in Part I when E = 0. The statement for arbitrary 
E immediately follows from the one for iJ = 0. □ 

The other estimate, stated in Lemma 15.71 is mainly intended for points on the 
boundary of the Siegel disk. 

3.1. The heights in the tower. — For every n > 1, let Fil(i7°) denote the set 
obtained from adding the bounded components of C \ to $1° , if there is any. For 
all n > 1 and j with < j < fc, let /„j denote the connected component of 

Fil(f]^jn$,-i{j+ti:i gR}, 

containing zero on its boundary. Each /„j- is a smooth curve in Fil(r2^) connecting 
the boundary of fi^ to 0. This implies that there is a continuous inverse branch of 
Exp defined on every \ Inj. 

By Theorem I l.ll -ii. Lemma ll.3[ and the precompactness of the class 25(o,a*], there 
exists a positive integer fc' such that 

Vn > 1 and Vj with < j < fc, sup | arg(it;) — arg(z)| < 27rfc', 

for any continuous branch of argument defined on 57^^ \ In.j- To simplify the technical 
details of the exposition, we assume the following condition on the rotations 

TV > 2fc' + fc + fc". 

Choose a positive constant 

63 < min{(5,,5i,l/8}, 
where 5 and Si are obtained in Lemmas 12 .41 and 13.21 

To each non-zero zq S n^^o^o ^ J (Pa), we associate a sequence of quadruples 

(7) {(z^,w^X^,<J{^))mo, 
where, 

Zi,Wi e Dom fiXi e ^i{Pi), and a{i) G Z+. 
(This is the same sequence considered in Part I). Define the two sets (see Figure [XT]) . 

£/n {z e Vn I fc' + 1/2 < Re$„(z) < [l/a„J - fc, or $„(z) e U^liB(j, (Jg)} 



'^^mod denotes the conformal modulus of an annulus. 
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Figure 5. The two different colors correspond to the two different ways 
of going down the renormalization tower. The gray part corresponds to 
and the rest to SS. 

^„ {z e K I < Re$„(z) < fe' + 1/2 and $„(z) ^ U^'liSO', Ja)} U {^l\Vn)- 
The sequence (O is inductively defined as follows. Since zo G rip, either zq G or 
zo G .^o- If -zo G -2/, define := zq, cr(0) := 0, and Co *I'o(wo)- If zq G let 
wq G 5*0 and positive integer ct(0) < /cq + fc' be such that /q'^^^^wq) ~ zq. The point 
wq satisfying this property is not necessarily unique. However, one can choose any of 
them. The positive integer a{0) is uniquely determined. Indeed, when a{0) < ko — 1 
or \zq\ is small enough, such wq is unique. Otherwise, there are at most two choices 
for wq. Now, let Co •= ^q('u^q)- This finishes the definition of the first quadruple 
(zo,wo,Co,ct(0)). 

Now, define zi :— Exp(Co), and note that since zq G ilj, zi G fll- Thus, we can 
repeat the above process accordingly (either zi G £/i or zi G ^) to define the next 
quadruple (zi, wi, Ci, cr(l)), and so on. In general, for every Z > 0, we have 

(8) Zi =Exp(0-i), zi G nlfr^'\wi) = zi, <fi{wi) Q, and < < h + k' . 
Note that by the definition of this sequence, for every / > we have 

either k' + 1/2 < ReO < ^ - fc, or G U^liS(j, (Jg). 

By Koebe distortion theorem, there exists a constant e > such that every map 
h G 25(0, a*] is univalent on the ball 5(0, e). Choose a constant D > 63 satisfying 

(9) Exp(i:>i) < e. 

Since TZh also belongs to 25(0 by the definition of renormalization, /i'^''' is univalent 
on {z G S'ft.l Im $;i(z) > D}. With this choice of D, we decompose the intersection 
into two sets 

A := {z G n^o^o ^ J{Pa) I there are infinitely many m with ImCm < D/am}, 
r {z G n^^o^o n J{Pa) I such that for all m>N, ImCm > D/a,n}. 
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The area of these two sets are treated in the following two subsections. 

3.2. Area of F. — The set T is contained in the union of the sets 

r"* := e r I for all n>m,lm(n> — }, for m = 0, 1, 2, ... . 

Every F"* projects (under piecewise holomorphic or anti-holomorphic maps) onto the 
set Tm on the dynamic plane of level m; defined as 

F„ := {Exp(c^_i)) I z e r™}. 

Now fix an m e {0, 1,2,...} and for every j > m let 

n,:= {Q+<T{j)\zGT"^}. 

Projecting the above set onto the round cylinder C/Z, we define 

Bj := Ilj/Z, for J = m, m + 1, m + 2, 

That is, Bj is the set of all points w € C/Z for which there exists an integer i with 
w + i Glij. Each Bj lies above the horizontal line passing through Di/aj. We would 
like to show that these sets have zero area. To prove this, we first show that the 
sequence, 

bj := sup Im(^ — ^'), for j = m, m + 1, m + 2, . . . , 
satisfies the inequality in the following lemma. 

Lemma 3.3. — There exists a constant A such that for every j > m we have 

bj-i < Oijbj + A. 

To prove the above lemma, wc need an estimates on the derivative of the change of 
coordinates from a level of renormalization to its previous level. To state the estimate, 
we slightly change the domain of definition of the perturbed Fatou coordinate. Indeed, 
given h e 25(o.q'] j the map considered on {z gTh] Re > k'}, has a unique 

extension to the map 

feft + Ll/aJ-fe-l 

(10) ^i:Vh:= U h°^{Sh)\{zeVh\Re^h{z) = k'}^C. 

3=0 

It is defined using the dynamics of h, as follows, li z &Vh and Re^h{z) > k', we let 
:= {z) ■ Otherwise, for z GVh, pick an integer j with 1 < j < [l/a\+kh — k—l 
such that h-i{z) S 5*?, and Re^h{h~^iz)) > k', then let ^[(z) := ^hih~^ (z)) + j . It 
follows from the equivariance property of that given above is well-defined and 
continuous. 
Let 

(11) Xh:=l^ogo{^l)-\ 

where hog is an arbitrary inverse branch of Exp defined on a slit neighborhood of 0. 
For every r G (0, 1/2] and a G (0, 1) define the set 

e(r,a) := {w €C \ Imw > -2/a}\L>nezB{n/a,r/a). 
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Lemma 3.4- — There exists a constant C such that for every r G (0,1/2], every 
h G 25(Q (J.], and every w £ Dom Xh H Q{r,a), we have 



(X 

\x'h{w) -a\< C-e 



27rQ Iin w 

r 



This lemma is proved in Section [5l 

Proof of Lemma UT^ — Let $J, :— and Xn '■— X/„ i for n = 0, 1, 2 • • • , denote the 
maps defined in Equations (jlOp and (jlip when h = fn- Since ImC^ > D/aj > (S3, 
one infers from the definition of the quadruples that := Cj + f (j)- Therefore, 

from ([5]), for j = m, m + 1, m + 2, . . . , we have 

n^- C {w G C I Imiu > D/aj,k' + 1/2 < Rew < fc' + 1/2 + l/ofj - fe + fc„}, 

x,(n,)/z = B,_i. 

For arbitrary C^X' G n^, let 7 be a straight line segment connecting C to C,. From 
Lcmma l3.4l with r = min{l/2, D}, we have 

lx,(C')-x,(C)-a,(C'-C)l 

x'j - otj dw\ 
r 



1 



r 27rr 

The result follows from taking supremum over all Xj{C)^Xj{C')^ ^nd then all CjC- ^ 

Lemma 3.5. — limsupj>„6j < AA. 

Proof. — For every j > recall the Brjuno sum 

B{aj) := log h aj log h a^aj+i log h • • • . 

By a result of Yoccoz, |Yoc95| . the Siegel disk of fj contains the disk of radius 
^-B{aj)+M about the origin, for some universal constant M. This implies that for 
every j > m, we have bj < B{aj+i) /i-K . 

Now fix j > m, and let I be an arbitrary integer bigger than j. Inductively using 
the inequality in Lemma 13.31 for j + 1, + 2, . . . , Z, we obtain 

bj < a-,+iQ!-,+2 • • • a/ 5/ + (1 + aj+i + + h ■ ■ ■ ai-i)A. 

Replacing 6/ by B{ai^i)/2TT, and that aiai-^-i < 1/2, for all i, we come up with 

bj < ■^aj+iaj+2 ■ ■ ■ aiB{ai+i) + 4A. 

2,71 

As I tends to infinity, the first term in the above sum, which is the tail of the 
Brjuno series for ctj+i, tends to zero. □ 
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Lemma 3. 6. — There exists a constant e > such that if aj < e for some j > m, 
then areaSj-i < ^ arcai?j. 

Proof. — Using Lemma 13.41 with h — fj, Xj ■— X/j, and r — min{l/2,£)}, we have, 
areai?j_i = areaxj(nj) 

< 



, , ,^ dz Adz 

,1 , „, f , , ,^ dz A dz 
<(— + fc")-max/ IXjl^ 

O^j J {w£nj\i<Rcw<i+l]} ^ 

+ fc")(C^e-2-^)2 areas, 
a, r 

< - area , 

with the last inequahty for smah enough values of aj . □ 
Proposition 3. 7. — The set T has zero area. 

Proof. — As r = Um>or™, it is enough to show that each F™ has zero area. Clearly, 
r™ has zero area if and only if Tm has zero area. To prove this, we show that Bm 
has zero area in the two separate cases. 

Case i: Eventually aj > e, where e is obtained in Lemma 13.61 
For these values of a, B(aj) is uniformly bounded, and hence, the set F is empty for 
large enough D. (In this case a is of bounded type, and the post-critical set is known 
to be equal to the boundary of the Siegel disk and has zero area.) 

Case ii: There are arbitrarily large j with aj < e. 
By Lemma aie&Bj < AA, for all j. On the other hand, there are infinitely many 
levels j with areai?j_i < ^ areaBj. □ 

3.3. Area of A. — 

Proposition 3.8. — The setC]^^Q^QC]J{Pa) is non-uniformly porous at every point 
in A. In particular, A has zero area. 

Lemma 3. 9. — There exists a constant E such that for every z € A there are in- 
finitely many positive integers m satisfying 

(12) Im Cm < TT log + E. 

Ztt am+i 

This is also proved in Section \5\ 

The proof of the above proposition is exactly the one given at Subsection 4.3 in 
Part L We only very briefly explain the idea. 

For an arbitrary n satisfying the inequality in the above lemma, let 



An :=B5i(B(7n(l),r*)U7„[0,l]) 
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with 7„ and r* introduced in Lemma 13.21 There exists a holomorphic or anti- 
holomorphic map 

defined as an appropriate composition of the maps ^J^, fj, and the hfts hog. We 
showed that the maps Qn satisfy the following Lemma. 

Lemma 3.10. — There exist positive constants and 5/^ G (0,1) such that for 
every n satisfying (jl2p the map Qn has the following properties 

(1) g„(i3(7n(l),r*))n^'+i = 0; 

(2) there exists a positive constant rn with 

B {Qnilnil)), r n) C Qn{B{-f nil), r* j) and \Qnhn{l)) ~ Zo\ < Ds ■ rn: 

(3) r„ <I?3(<54)". 

Proof of Proposition \3.8\ — Let zq be an arbitrary point in A so that we have a 
strictly increasing sequence Ui for which Inequality (jl2p holds. Lemma 13.21 introduces 
the balls i3(7„. (1), r*) enjoying the properties in that lemma. By Lemma [3.101 the 
maps Qm provide us with a sequence of balls _B(7„. (1), r„. ) satisfying 

B(7„.(l),r„J nl^^j^+i = 0, \Qn,+iijnAl))-za\<D3-rn,, and r„, ^ 0. 
The zero area statement follows from the Lebesgue density Theorem. □ 

3.4. Non-uniform porosity of decorations. — For Brjuno values of a, let Aq 
denote the Siegel disk of P^, and Aq, denote its closure. Here we show that VC{Pa) 
is non uniformly porous at every point in PC (Pa) \ A^. 

Lemma 3.11. — We have VC{Pa) \ A„ C A. 

Proof. — Let z e VC{Pa) \ Aq, and assume on the contrary that there is an integer 
N with ImCm > D/am, for all m> N. 

By the first argument in the proof of Lemma 13.51 we have 

d(0,<i>](9A,))<e(a,+i)/2^, 

for all j. The boundary of the Siegel disk of a map is sent to the boundary of the 
Siegel disk of its renormalization under the change of coordinates. Now it follows 
from Lemmas and 1X51 that for all j > TV we have d(Cj, $](9Aj)) < 4A. By a 
contraction argument for the changes of coordinates from a level of renormalization 
to the previous level with respect to appropriate hyperbolic metrics (see [Che 10] 
section 4.3 for further details), one can see that all these distances must be zero. This 
implies that z e Aq. □ 

Theorem [P] follows from the above lemma and Proposition 13.81 
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4. Accumulation on the critical point 

Here we introduce a sequence of subsets of C containing cp, Qq, that are visited 
by the orbit of almost every z G J{Pa). 

Recall the sets C"*^" and (C|J^'^" obtained in the definition of TZ{fn)- For every 
n > 0, define the sets 

Wn C 5"°, and 

Note that for every n > there is a pre-critical point of /„ in Wn and hence, by 
Lemma [^r^ (2). there is a a pre-critical point of /o in W". For every n > 0, define 

Qu :=/-(")(M^"), 
where r(n) is the smallest positive integer with cp £ int (/□'"'^"'(H^")). 
Lemma 4-1- — For all n> and all z G (C,^)^'^", we have Im0„(z) > —2. 
Proof. — By the definition of the renormalization TZfn, it is enough to show that 
£ 5(0, ^e-'"), we have /-_,\(«;) £ 5(0, ^e^^), 

where /^+i(w) is the unique pre-image of w. The map fn+i has a unique sim- 
ple critical point mapped to —4/27. Hence, there is an inverse branch of fn+i de- 
fined on the ball 5(0,-4/27). By Koebe distortion Theorem, it easily follows that 
/-+i(5(0, is contained in 5(0, ^e^'^). □ 

Lemma 4-2. — Assume that z £ il" \ ri"+^ and fo{z) £ £7"+^, for some n > 0. 
Then, either z € Q"" or fo{z) £ W"+^ (hence, /°^^^"+^^+^^(z) £ Q"+^). 

Proof. — There is a 

j £ {0, 1, . . .,(?„+! (fc„+i + [l/a„+ij - fe - 1) -t- g„}, 

such that /o(z) £ /o^(S'o+^), by the definition of If j ^ 0, there is a w £ 

fo~\So^^) with foiw) = /o(z). If z ^ Q", as /o : ^J" \ Q" -> C is univalent, we 
must have z — w which contradicts the assumption in the lemma. Therefore, 

either j = or z £ Q". 
If j = 0, then 

/o(z) £ =*„+i(5,",+i) 

=M^"+iuvI/„+i((4+i)-'="+0 

However, if fo{z) £ ^'„+i((C*^i)"''"+i), by Lemma O z £ fi"+i. This finishes the 
proof of the lemma. □ 

Let us define the eccentricity of a domain Q at a point q £ int Q as 

. inf{r|Qc5(g,r)} 

Ecc Q,g := . , x ^ ■ 

sup{r I B{q,r) C Q} 

Lemma 4- 3. — We have 
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- sup„ Ecc((5", cp) < oo, 

— lim„^oo diani Q" — 0. 

Proof. — The proof of the first statement is broken into rour steps. 

Step 1. For every n > 0, there exists a simply connected domain Wn containing 
Wn with the following properties. 

- inf„ mod {Wn \ > 0, 

— f°^^ : Wn — > fn"{Wn) is & propcr branched covering of degree two. 

Recall that Z"*^" : Wn — )> C„ is a proper branched covering of degree two, fc„ is uni- 
formly bounded fLemma ll.3p . -Bi/2(W^„) C Vn, and i3i/2(C„) C Vn- Now the above 
step follows from the compactness of the class 25, and the continuous dependence of 
Wn on /„. 

Step 2. If fn'^"{cvf^) is the unique preimage of cvf^ contained in Wn then, 
supEcc{WnJ~''"{cvfJ) < oo. 

n 

By Koebe distortion Theorem, sup„ Ecc(C„, cv/^) < oo. Indeed, is defined 
and univalent on the 1/2-neighborhood of $„(C„). The map Z"*^" : Wn Cn belongs 
to a compact class by Step 1. This implies the above statement on eccentricity of Wn- 

Steps. /°"^"^ is univalent on ^n{Wn), and /o"^"^(*n(,C'='^cv/J)) = cp. 
By Step 1 and Lemma [2?2l the map ; iJ/„(M/„) is a proper 

branched covering of degree two mapping ^'n(/^*'" (cv/^)) to cv. We must have 

(13) T(n) < 

On the other hand, f°/^^^\w^^) contains a critical point, and therefore, /q^^"'' must 
be univalent on 5'„(VF„). 

Step 4- We have sup„ Ecc(Q", cp) < oo. 

By definition Q" := /°^^"^ o ^'„(Wo"), and by Step 3, /g^^"^ o has univalent ex- 
tension onto Wn with inf„ mod {Wn \ Wn) > 0. Again by Koebe distortion Theorem, 
there exists a constant C{e) such that 

Ecc(Q",cp) < C(e)Ecc(VF„,/-'="(cvyJ). 

Now Step 4 follows from Step 2. 

To prove the second part, we use Montel's normal family Theorem. Since Q" C 
/g^^"^(S'g ), by definition of fi", /o can be iterated at least 

qn{kn + Ll/"nJ - fc - 1) + - r(n) 

times on Q" with values in fi". By (fT51) . the above quantity goes to infinity as n goes 
to infinity. 
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Now if limsup„_5.oQ diam (Q") ^ 0, by the first part, a baU of positive size about 
cp is contained in infinitely many Q^'s. By Montel's normal family Theorem, this 
implies that the critical point belongs to the Fatou set of /o, which is not possible. □ 

Indeed, one can show that diam converges exponentially fast to zero by show- 
ing that the changes of coordinates between different levels of renormalization are 
uniformly contracting. See Subsection 4.3 in [ChelO]. 

Proof of Theorem [3 — By the argument after Proposition 12.31 the sets 

En := {z e J{Pa) I 0{z) eventually stays in f2"}, 

for n > 0, have full Lebesgue measure in J(Pa). Therefore, their intersection has full 
Lebesgue measure in J{Pa)- 

Let z e n^o£:„ n J(Pa)- As n°^of^" n J{P„) has zero area by Proposition [XT] 
in the introduction and Theorem C in |ChelO| . there are increasing sequences of 
positive integers {ni}^i and with the following property 

P°''{z) e 17"- and P°''+\z) e 17"'+^ 

Now by Lemma [4?2l there are positive integers Si > ti with P°^^ (z) e Qq ' . Combining 
with Lemma 14.31 we conclude that the orbit of z gets arbitrarily close to the critical 
point oi Pa- □ 



5. Perturbed Fatou coordinate 
5.1. The Pre-Fatou coordinate. — Let 

h{z) = e^^^"' -PoLp-^iz): ipiU) C 

be a map in the class XSa with a ^ 0, and let cr^ denote the non-zero fixed point of h. 
For a small enough, h(z) has only two fixed points and ah in a fixed neighborhood 
of (This property is guaranteed by assuming a G Irrat>M, |IS06| ). By Koebe 
distortion Theorem one can see that cp,j € -8(0, 2) \ i?(0, 0.22). 
Consider the universal covering 

Thiw) := ^4r- — : C ^ C\{0,ct,,} 

that satisfies Thiw + a^^) — t/i(w), for all w G C, Th{w) O as lm{aw) — > cxo, and 
Th{w) — )■ (T/i as Im(aw) — > —cxo. 

The map h lifts under the covering to the map 

^'^("'^ ^= ^ + 2^^ (1 - TTI^)' ' = r^H^M^) ■■= 

defined on the set of points w with Th{w) e Dom h. The branch of log in the above 
formula is determined by — tt < Imlog(-) < tt. We have 

(14) hoTh^ThoFh, and Fh[w) + = Fh(w + a-^) . 
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The plan is to estimate the conformal mapping that conjugates to the 
translation by one. For every real number R > 0, let Q{R) denote the set 

e(i?) ■.= C\UnezBin/a,R). 

By explicit estimates on and Taylor's Estimate on h we proved the following prop- 
erties on Fh in Part I. 

Lemma 5.1. — There exist positive constants Eq, C2, C3, andCi such that for every 
map h € 25a with a < Eq we have 

i. The induced map Fh is defined and is univalent on 0(C2). Moreover, on Q{C2) 

\Fhiw) - (w + 1)1 < 1/4, and \Fl^{w) - 1| < 1/4. 

ii. For every r G (0, 1/2) and every w G Q{r/a) Cl Q{C2), we have 

|F^H-(w; + l)| <C3-e-2-"i--. 

r 

iii. There exist a critical point cpp^ G -6(0, C2) of Fh, and the smallest non-negative 
integer i[h) with 

F^''''^\cppJ G 6(6*2), and supi(/i) < 00. 

h 

iv. For every positive integer j < i{h) + we have 

\F°'{cvF,)-3\<C^il + ^ogj). 

5.2. The linearizing coordinate. — Let h G 15(o,a,] with the perturbed Fatou 
coordinate ^h ■ Vh ~> C. The inverse image Tj^^^Ph) has countably many components 
going from —100 to +ioo. Define 

(15) Lh := o Th : Dom Lh -J> C, 

where Dom Lh is, by definition, the component of Tj^^{Vh) separating and 1/a 
in C. It follows from Theorem 11.11 that the map Lh : Dom L?i — >■ C is univalent, 
Lh{cvp^) — 1, Lh(J)om Lh) contains the set 

{w G C ; < Re{w) < [1/aJ - A;}, 

Lh{w) — > -|-ioo as Im(w) — +00, and Lh{w) —ioo as Im(ti;) — >■ —00. Moreover, Lh 
satisfies the Abel functional equation 

(16) Lh{Fh{w))^Lh{w) + l, 

whenever both sides are defined. 

Using (jl6p . ii a < So, Lh extends to a univalent map on the set 

:= G C : C2 < Re(w) < - C2} 

U {w G C : Re{w) > a^^ - C2, and |Im?i;| > Re(u;) - a"^ + 2C2} 

U {w G C : Re(u;) < C2, and |Im w| > - Re{w) + 2C2}. 

More precisely, by Lemma l5.H -i. for every w G there is an integer j with F^{w) G 
Dom Lh- One defines Lh{w) :— Lh{Ff_^{w)) — j. We denote the extended map by the 
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same notation L^. It follows from Koebe distortion Theorem and Equation (1161) that 
the derivative of is uniformly bounded from below and above (see Part I, Lemma 
5.3, for details). 

Lemma 5.2. — There exists a positive constant C5 such that for every h G TSa, 
and every C & i/i(Dom Lh) \ B{0, 1/2) we have I/C5 < |(i,7^)'(C)| < C5. Moreover, 
L'f^{z) — > 1, as Imz — >■ 00. 

5.3. The model. — Given A E C, let ICh denoted the domain (with asymptotic 
width one) bounded by the curves A + d, Fh{A + ti), {I - s)A + sFh{A), fort E [0, 00) 
and s € [0, 1]. Moreover, assume that ICh is contained in Q{C2 + 1) n <d{r/a). 
For {s,t) G [0, 1] X [0, 00) define the map 

H{s,t):=A+f X{i,t)di + i{t+ [ Y{£,t)de), 
Jo Jo 

where X and Y are given as 

X{s, t) :— ao{t) + ai{t) sin(7rs) + a2{t) cos(7rs) + az{t) sin(27rs) + a4{t) cos(27rs), 
Y{s,t) 6o(i) + bi{t) sin(7r.s) + b2{t) cos(7rs) + b^it) sin(27rs) + b4{t) cos(27rs), 
with 

ao{t) = Re{Fh{A + it) - A) + ReFj^iA + it)/n, 
bo{t) = lm{Fh{A + it)-A)-t + Im(K(yl + it))/TT, 
ai{t) = -ReFl^{A + it)/2 bi{t) 
a2{t) = {l~ReF;^{A + it))/2 b2{t) 
a:i{t)=ReFi:{A + it)/A, b^(t) 
a4{t) = 1 - an{t) - a2{t), bi{t) 



^-lxnFi:{A + it)l2, 
--Im^^^(A + it)/2, 
^lxnFi:{A + it)lA, 
= -ao(t) - a2(t) 



(The above coefficients are obtained from solving a separable partial differential equa- 
tion so that the next lemma holds.) 

Instead of algebraically manipulating constants and frequently introducing new 
ones, we use the following convention from now on. Given real valued functions / 
and g defined on a set W, we write 

fix) ^ g(x) on W 

to mean that there exists a constant M with f(x) < Mg{x) for all x e W. For 
example, by Lemma lOI and Cauchy Integral Estimate, on the set Q{r/a) n 6(C2 + 1) 
we have 

(17) max{\Fh{w)-w-l\,\F;^{w)-l\,\F;:{w)\,\Fi'\w)\,\Fl'\w)\} ^ V^-"!--. 

Using the relation H{s + l,t) — Fh{H{s,t)) we extend H onto a neighborhood of 
the form {—S, 1 + S) x (0, 00), for some S > 0. 

Lemma 5.3. — The map H satisfies the following properties. 
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i. For every t g (0, oo) and s G (—J, 5) we have 

F{H{s,t)) H{s + l,t). 

ii. H is on (-5, 1 + S) x (0, oo). 

iii. On (—(5, 1 + (5) x (0, oo), we have 

ma^{\dsH{s,t) - ll\dtH{s,t) - i\} ^ ^e-2-"(t+i'"^), 

and 

ma^{\dssHis,t)\,\duH{s,t)\,\dstH{s,t)\} ^ ^e"2-(*+i-^). 

Proof. — Clearly H{0, t) = A + ti. On the other hand 

H{l,t) =A + ao{t) + 2ai{t)/TT + {t + ba{t) + 2&i(i)/7r)i 
= F{A + ti) 

For other values of s, the relation follows from the definition. 

The map H is real analytic in the domain {—S, 1 + 6) x (0, oo) \ {0, 1} x (0, oo). A 
straightforward calculation shows that it is on the lines {0, 1} x (0, oo). 

From Inequality (1171) . on [0, oo) we have 

\ao{t)-l\ ^ ^e-2-"(*+im^), 
r 

\aj{t)\ ^ ^e-2""(*+i'°^\ for j = 1,2,3,4, 

\bj[t)\ r< ^e-^'^^^'+i"^^^ for j = 0,1,2,3,4. 

Similar estimates hold for the first and second derivatives of these functions. This 
implies that on [0, 1] x (0, oo) 

max{|X - 1|, \d,Xl \dtX\, \duXl \Y\, \dtYl \dttY\}{s,t) ^ . 

r 

One infers the inequalities in Part iii from these estimates. □ 

To simplify the calculations, from now on we use the complex notation z ~ s + it, 
dz — ds + idt, dz = ds — idt, dz = {ds — i<9t)/2, dg = {ds + idt)/2. 
To compare to H we work on the map 

G:= LhoH : (-6, 1 + 5) + i(0, oo) ^ C. 

In particular, we would like to prove that 

(18) |5^G(z) - 11 ^ 

r 

Lemma 5.4- — The map G has a extension onto C which satisfies 

(19) G{z + l) = G{z) + l.yz£C, 
and is the translation by 6(0,0) on {z \ Imz < —1}. 



24 



DAVOUD CHERAGHI 



i. On {z I Imz > 0}, 

max{|9,-G(z)|, |9..-G(z)|} ^ %~^--^'Mz+A) ^ 

r 

and on [z \ Imz G [—1,0]}, 

max{\d,G{z)\,\d,,G{z)\} ^ 1. 

ii. There exists a constant zq such that as Imz — > oo, G{z) ~ z zq. 

iii For every constant (5 G M there is a constant Cy independent of r such that if 
K-h ^ Q{r /a) and liminfu,gyCfi ^"cciw > S/a then for every zi, Z2 G Dom G, 

\G{Z2) - G{zi) ~ {z2 ~ zi)\ < Gr/r. 

Proof. — From Lemma [5.3I i and functional Equation (jl6p . the Relation ([T^ holds 
for every z with Rez G (—6,6) and Imz > 0. Moreover, it is as H is smooth 
and Lh is analytic. We can use ((T^ to extend G onto the upper half plane. 

Below the line Imz = —1 we define G(z) := z + G(0, 0). Then, there exists a 
G^ smooth interpolation of G on the strip Imz G [—1,0] that satisfies and has 
uniformly bounded first and second order partial derivatives. (For example, one may 
obtain this interpolation by first G^ gluing the vector field dG/ds over the upper half 
plane to the constant vector field 1 below the line Imz = — 1, and then integrate this 
vector field.) 

Part i: By complex chain rule, with w = H{z), we have 
|5.-G(z)| = \dMH{z))-d,H{z)\ 

, ^ -2TTaIm{z+A} 

r 

by Lemmas 15.21 and 15.31 -iii. 

On the other hand, Lemma 15.21 and the Cauchy Integral Formula implies that 
\dwwLh\ is uniformly bounded well inside the domain of Lh- Therefore, from the 
estimates in Lemma 15.31 and the complex chain rule 

|9,,-G(z)| = Id^^LhiHiz)) ■ d,H(z) ■ d,H{z) + dMH{z)) ■ d,,H{z)\ 
~ r 

Part ii: Since G is periodic of period one, it is enough to prove the asymptotic 
behavior at z with Rez G [0, 1]. In this region, it is enough to prove that for every 
£ > there is i? G K such that if Imzi and Imz2 are larger than R then |(G(z2) — 
Z2) — (G(zi) — zi)| is less than e. 

Given real constants t2 > ti, define P {z G C | < Re z < 1, < Imz < <2}- 
By Green's Integral Formula, we have 



(20) 



/ G(z) dz = [[ dzG{z) dzdz. 

JdV J Jv 



TYPICAL ORBITS OF COMPLEX QUADRATIC POLYNOMIALS II 



25 



The right hand integral is bounded by 



dgG{z)dzdz <2 / \dgG{s,t)\dsdt 
Jti Jo 



^ / ^e-^^°'it+'^'^A) ^^^^ (LemmalMii) 



e 



-27ra Im A 



< e 

27rr 



-2TTati 



This bound tends to zero, as ti goes to infinity. 

By periodicity of G, the left hand side of (PH)) is equal to 



-i{t2-h)+ G{z)ds+ G{z)ds, 

where 71 and 72 are the top and bottom boundaries of 2? with appropriate orientations. 
By Lemmas 15.21 and l5.3l -iii. as Imz — 00, dzG(z) — > 1. Hence 

[ G{z)ds^-[ G(iii) + 1 • sds = -G(<ii) - 1/2 
J71 Jo 

and 

[ G{z)ds^ [ G(i2i) + l-sds = G(<2i) + l/2 
Putting these together, we conclude that as Im2;i,Imz2 00, 

l(G(^2)-^2)-(G(zi)-2i)| 

|(G(iImz2) — ilmz2) - (G(ilmzi) - ilmzi)| — > 0. 

This finishes the proof of this part. 

Part in: This follows from the above relations and inequalities once we have a lower 
bound on Imzi and lmz2. (See Part I, proof of Lemma 5.4 for further details.) □ 

The map G projects via e^'^'^ to a well-defined map on C. More precisely, let 

<^(z) :=e2^'^V(C) ■■^<l>'\0 = ^logC, with Imlog(-) G [0,2n), 
and define 

K{C) :=0oGoV'(C). 
The map K has continuous extension to 0; K{0) = 0. 

Lemma 5.5. — The map K : C ^ C is complex differ entiahle at 0, and 

iwc)-wo)i^i|cr. 
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Proof. 



By the definition of derivative and Lemma l5.4l -iii. 



dt:K{0) = lim 



g27riG(2iTlogC) 



(21) 



,27rizo 



To prove the inequahty, first we estimate the Laplacian of on C \ {0}. Using the 
complex chain rule, with ^ — (t>{z) and ipiC) = z, at C ^ 



d^K = d(;{<j) o G o ip) = d,<j) o {G o ^p) ■ dc{G o ^|J) + d.cj) o (G o V) • d(;{G o ^) 



+ d^(t> o (G o 7/.) • d-c^{d,G o 1/;) • dc^ip 
— {dzzii oG oip ■ dzG o ip ■ d^'ip ■ dzG o -0) • dzip 

+ dz<l) o G otp ■ (^{dzzG o tp) ■ d^-ip + dzzG o ip ■ d^-ip) ■ dz^J 
= dzztj) oG oip ■ dzG o Ip ■ d(^tp ■ dzG o -0 • dz^J 

+ dz<j> o G otp ■ dzzG o ^p ■ d^ip ■ dzip 
= 27riK\d^i;f {dzzG + 2TTidzG o • dzG o 0) . 

(To get the above expression, one could also find the coefficient of {( — Co)(C ~ Co) in 
the expansion of K{Q near C,q, as K is real analytic away from the positive real axis.) 

Since G is analytic below the horizontal line Imz = —1, d^i~K{() = outside of 
the disk of radius e'^'^ . Above this line, we have the estimates in Lemma [5 .41 -1 that 
provides us with 



Fix (^0 G C and choose a disk -6(0, R) of radius R > e'^^ containing (q. The general 
form of Cauchy Integral Formula states that for the continuous function di^K 



Outside of the disk B{0, e^^^), dt^K = e^'^''^^^^^' and dCC = by Lemma [Ql thus the 
above formula reduces to 



(22) 



a,0oGo0-9(;(Go0) 

dz(p o G o • dzG o ■ 9^0, 



therefore. 



\dccK{0\ ^ -ICI 
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We may now estimate the difference at Co G B{0,1) as 

\dcKiCo) - (0)1 ff \d^^K{0\—^^^dCd( 

J JBiO.e^^) IC-Col'ICI 

/•I- I A ll-Q 



JJB(o,e^-) \C - Col • ICr 



=< -ICol" 
r 



The last inequahty is obtained by virtue of the foUowing calculations. 

Define Bi := B{0, |Co|/2), := S(Co, |Co|/2), and B3 5(0, e^-) \ (Bi U B2). 
Note that on Bi, we have |C — Col > ICo|/2, on B2 we have |C| > |Co|/2, and on B3 we 
have IC - Col > ICI/2. Hence 



and 



! — i 



< 



a 

24-"7r 



- 1 - a ' 

□ 



Lemma 5.6. — We have the Inequality (|18p on the upper half plane. 



Proof. — This results from Lemmas I5.5l and r5.4l -ii. using Equations ([2T|) and (j22l) . □ 



Remark. — An alternative approach to get Inequality ([T5|) from the model map 
is using the Beltrami differential equation. It follows from the properties of H that 
the complex dilatation of H, fjL dgH/dzH, can be extended to a map onto the 
upper half plane, using the relation fi{z + 1) = /i(z). The function /i has absolute 
value strictly less than 1 at points with large imaginary part. The Beltrami equation 
^dzG = dzG has a periodic solution with Fourier expansion. Indeed, one can 
find the coefBcients of this expansion in terms of Oj's and &j's, by comparing the 
coefficients in the Beltrami equation term by term. 
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5.4. Main Estimate. — 

Proposition 5.7 (main estimate). — There exists a constant M such that for ev- 
ery r e (0, 1/2], and every w G Dom Lh Pi Q{r/a) D Q{C2 + 1), we have 

(23) \L'h{w) " 1| < 

Proof. — Since \L'f^(w) \ is uniformly bounded by Lemnia l5.2l it is enough to prove the 
proposition for w with Im u; > 0. Given such w, we choose a /C;,. C 9(r/a) fl 9(6*2 + 1) 
containing w, and consider the corresponding map H and G. (Here Im^ > 0.) 
By Lemmas 15.31 and l5.4[ at z :— H^^{w) we have 

\d;,H{z) - 1| < Mi-e-^'raim^-^ g^^^ \d,G{z) - 1| < Ms^e-^'^"^'"'", 
r r 

for some constants Mi and M2 independent of r and w (and G, H). 
Applying dz to G = o H at w ~ H{z), we obtain 

dzG{z) = dMw) ■ dzH{z). 

This implies the desired inequality. □ 

5.5. Proof of the main technical lemmas. — 

Lemma 5.8. — For every h G 25(o,a*] o,nd z G C, let L05 denote an arbitrary 
inverse branch o/Exp containing Th{z) in the interior of its domain. We have 

|(Lo5or^)'(z)-a| <C8«e"2-"I-^ 

where Cg is a constant independent of h and w. 

Proof. — The proof follows from explicit calculations. □ 

Proof of Lemma \3.4\ — By definition, Xh ■= Log o ($|^)^i, and {^\)^^ = o LJ^^ . 
To estimate the derivative of Xh , first we estimate the derivative of the inverse map 
L~^^ at w using Lemma 15.71 To this end, we need to locate LJ^^{w). 

Given w G 8(r, a) n Dom x^,, by pre-compactness of the class 2*S(o,a-], and 
Lemma 15. 2[ there exists a r', with r'/r uniformly bounded, such that LJ^^{w) be- 
longs to 6(r'/a). 

On the other hand, from Lemma l5.H -iv. we know that ImLJ^ (l/2a) is bigger than 
— C4log(l + l/2a). Now, from the first part of the same lemma and the relation 
Lh{Fh{w)) = Lh{w) + 1 one concludes that ImL^^(?i;) must be at least 

-C4log(l + l/2a) - l/4a. 

Now choose 5 G K such that 

-C4log(l + l/2a) - l/4a > 5/a 

holds for every a G (0, 1). The above argument implies that 

ImL~i(w) > -C4log(l + l/2a)-l/4a + ImL,;i(iImw + l/2a), 

which is at least (5/a + Ixnw — 4:{Gj + 8), by the second statement in Lemma r5.4l -iii. 
and a similar property for H. 
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Now we may use Lemma 15.71 at w' := Li_^^{w), to obtain 

M' 

\L'Jw') - 1| < e-^-"!"!™, 

r 

for an appropriate constant M'. 
With z = L-\w), 

Ix'hH -a\< |(Lo.g o r^)'(z) • {L-'y{z) - (hog o r^)'H + (Log o rft)'(z) - a\ 
< \{hog o ThY{z)\\{L-'y{w) - 1| + \{Log o t;,)'(z) - a\ 

^ ^ ^ ^— 2-7ra Im w 

~ r ' 

for some constant C. □ 

Proof of Lemma \3.9i — We show that if for some m, ImCm < D/am, then the in- 
equality in the lemma holds for m — 1. Indeed, if ImC,„ < D/ami by Lemma 15.21 

ImiJ^(C,„) < C^iD/a^n + l/ani) + Imcv^^.^ 

<C5p + l)/a„, + C2. 

An explicit calculation on Log o r^^ implies that 

ImCm-i = ImLog o (/)„^(Cm) 

— ImLog o Ty;^ o L'j^{C,m) 

<L\og—+E, 
2-K am 

for some universal constant E. □ 
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